We investigate the approximate solutions of the Dirac equation with the position-dependent mass particle in the Eckart potential field including the Coulomb tensor interaction by using the parametric Nikiforov-Uvarov method. Taking an appropriate approximation to deal with the centrifugal term, the Dirac energy states and the corresponding normalized two-spinor components of the wave function are obtained in closed form. Some special cases of our solution are investigated. Further, we present the correct solutions obtained via asymptotic iteration method which are in agreement with the parametric Nikiforov-Uvarov method results.
Introduction
Over the past years, the position-dependent mass (PDM) solutions of the nonrelativistic and relativistic quantum systems have received much attention. Many authors have used different methods to study both exactly and quasi-exactly solvable Schrödinger, Klein-Gordon and Dirac equations in the presence of variable mass having suitable mass distribution function for different potentials (see [1] [2] [3] [4] and references therein).
The study of relativistic effects is always useful in some quantum mechanical systems [5] [6] [7] [8] . Therefore, the Dirac equation has become the most appealing relativistic wave equation for spin-1/2 particles. For example, in the relativistic treatment of nuclear phenomena the Dirac equation is used to describe the behavior of the nuclei in nucleus and also in solving many problems of high-energy physics and chemistry. For this reason, it has been used extensively to study the relativistic heavy ion collisions, heavy ion spectroscopy and more recently in laser-matter interaction (for a review, see [9] and references therein) and condensed matter physics [10] .
On the other hand, the Dirac equation with PDM has been found to be very useful in studying some physical properties of various microstructures [11] [12] [13] [14] [15] [16] [17] [18] . Recently, there has been increased interest in searching for analytical solutions of the Dirac equation with PDM and with constant mass under the spin and pseudospin (p-spin) symmetries [19] [20] [21] [22] [23] [24] [25] . In their recent works Hamzavi and Rajabi have studied Dirac equation in 1+1 dimensions with scalar-vector-pseudoscalar Cornell potential for spin-1/ 2 particle under spin and pseudospin symmetries [26] . The ground state energy of the KG equation with scalar-vector Cornell potentials [27] has been calculated under the influence of the magnetic and Aharonov-Bom fields.
Moreover, we studied the scalar charged particle exposed to relativistic scalar-vector Killingbeck (Cornell plus harmonic oscillator) potentials in presence of magnetic and Aharonov-Bohm flux fields and obtained its energy eigenvalues and wave functions using the analytical exact iteration method [28] . Hamzavi et al. have solved approximately the Dirac equation with the Eckart potential including the Coulomblike tensor interaction, in view of pseudospin symmetry, using the Nikiforov-Uvarov method [29] .
The aim of the present work is to obtain the energy eigenvalues and normalized twocomponents wave function in the PDM Dirac equation with the vector Eckart potential field and the Coulomb-like tensor interaction using the parametric Nikiforov-Uvarov (pNU) method [30] [31] [32] [33] [34] [35] which has been used by many authors to solve the non-relativistic as well as relativistic wave equations for various potential models (see for example, [36] [37] [38] [39] [40] [41] [42] [43] [44] and references therein). We also present the correct Dirac energy equation for the Eckart potential within the asymptotic iteration method (AIM).
In the non-relativistic level, approximate solution of the Schrödinger equation for the Eckart potential and parity-time symmetric version including centrifugal term has been obtained to investigate the energy eigenvalues and wave functions for various values of n and l using the Nikiforov-Uvarov (NU) method [45] . A new proper approximation scheme to the centrifugal term was applied to study the Schrödinger equation with an Eckart-like potential and the bound and scattering state energy levels with normalization constant of the wave function were obtained [46] [47] [48] . The analytical approximation to the l -wave solutions of the Eckart potential have been obtained in the tridiagonal representation [49] .
The Eckart potential is defined as [50, 51] (1) and can be rewritten in the exponential form as
where the parameters 1 4 AV  and 2 BV  describe the depth of the potential well, both A and B are positive and real parameters;  is a positive parameter to control the width of the potential well having the dimension of the inverse length. The potential is an asymmetric function. The interesting results concerning the potential give inspiration not only to explore another similar potential, but also to study thermal reaction of Formaldehyde [52] . It has been widely applied in physics [53] and chemical physics [54, 55] . In Figure 1 r  In Section 3, we consider a few special cases of our solution like Hulthén potential, generalized Morse potential, nonrelativistic Eckart potential and the correct Dirac energy states within AIM. Finally, we give our conclusion in Section 4.
Position-dependent mass Dirac equation with a tensor coupling potential
The Dirac equation for a spin-1/ 2 single particle with a position-dependent mass () mr moving in the field of an attractive scalar potential   Sr, a repulsive vector potential   Vr and a tensor potential   Uris given by (in units 1 c ) [56] 
where  and  are the 4 4  usual Dirac matrices and p is the three-dimensional momentum operator given by 00 , , 00
respectively, with I is 2 2 unitary matrix and  are three-vector spin matrices
Further, E is the total relativistic binding energy of the system, and () mr is the position-dependent mass of the fermionic particle. The Dirac eigenfunction can be written as follows (8) the Dirac equation reduces to the following coupled differential equations whose solutions are the upper and lower radial wave functions   n Fr  and  , can obtain the following two second-order differential equations for the upper and lower radial spinor components:
The spin-orbit quantum number  is related to the quantum numbers for spin symmetry l and pspin symmetry l as ) and the quasidegenerate doublet structure can be expressed in terms of a p-spin angular momentum 12 s  and pseudo-orbital angular momentum l , which is defined as
For example,   1 , 0 pf can be considered as p-spin doublets.
Energy eigenvalues and wave functions of the spin symmetric case
To obtain analytical solution to the Dirac equation for a single particle with PDM in the field of Eckart potential including the Coulomb-like tensor interaction, we need to approximate the spin-orbit centrifugal term. This can be achieved by using an approximation in the following form as [57,58]
  (14) where  is the screening parameter describing the range of the Eckart potential which is valid only for
The tensor potential as Coulomb-like potential, that is, 
Using the new variable
where the upper component satisfies the asymptotic behavior at the boundaries, i.e.,
Equation (19) is convenient for obtaining the parametric NU solution. The outline of this method is given in Appendix A [30] [31] [32] [33] [34] [35] (21) and further using Eq. (A7), we have
The energy equation can be obtained by using Eqs. (A5), (21) and (22)   and the absence of tensor interaction ( 0).
T 
It is also consistent with the result given by Eq. (77) of Ref. [62] which is the energy equation for a spin-0 particle in the KG theory with equal Eckart scalar and vector potentials. It is worthy to mention that the energy equation 
On the other hand, to find the corresponding wave functions, referring to Appendix relation (A6), we find the functions (1 ) .
s s s
Hence, relation (A6) with the help of the weight function (25) 28) where N is the normalization constant. On the other hand, the lower component of 
where we have followed the derivation presented in Ref. [35] .
Pseudospin symmetric limit
In order to normalize the wave function, we calculate ( 
Thus, making transformation of variables as before, we reduce Eq. (30) into the simple form:
To avoid repetition in the solution of Eq. (31a), we follow the same procedures explained in the subsection 2.1 and hence obtain the energy eigenvalue equation: 
Discussions
In this section in the framework of the Dirac theory with the Eckart potential, we obtain the energy equation and spinor wave functions for several well-known potentials by choosing appropriate parameters in the Eckart potential model.
Hulthén potential
If we take The Hulthén potential is widely used in atomic physics [64, 65] , solid state physics [66] and chemical physics [67] . Using Eq. (17) 
These results are consistent with those given in Eqs. (50) and (55) of Ref. [59] .
Generalized Morse potential
The generalized Morse potential (GMP) is used to describe diatomic molecular energy spectra and electromagnetic transitions. It is defined by [ (40) with 0 1, ar be  and , , D b a are some parameters regulating the depth, position of the minimum 0 , r and radius of the potential. Codriansky et al. [69] showed that the solvability of the GMP is due to the fact that it belongs to the class of the Eckart potential, a member of the hypergeometric Natanzon potentials, which can be solved algebraically by means of ( 
The nonrelativistic Eckart potential
In the non-relativistic limit, the energy levels can be obtained when 0, T  
Solution via Asymptotic Iteration Method
By using the asymptotic iteration method (AIM), Bahar and Yasuk [70] presented approximate solutions of the Dirac equation with the Eckart potential in the case of PDM. In this subsection, we show that their presented analytical energy formula and consequently their numerical results are incorrect. Equation (24) of [70] should be rewritten in a more simple form as 2 12 () (2 1) (2 1) ''( ) '( ) ( ) 0, 
Notice that Eq. (52) is exactly the same as equation (23) which we have already obtained by using pNU when 0 T  . We have thus shown the correct numerical results in table 1.
Conclusion
To sum up, in this paper, we have investigated the analytical approximate bound state 
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Appendix A: A Review to Parametric Nikiforov-Uvarov Method
This powerful mathematical tool solves second order differential equations. Let us consider the following differential equation V(r)  = 0.2  = 0.5  = 0.8 Figure 1 . The behavior of the Eckart potential with r for different values of screening parameter  and taking 12 0.8.
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